Final Examination

Course: HDD4020 Engineering Mathematics 11
Examiners: Xiang Gui (LPR) / Han Zhou (Lahti)
Date: 28.01.2026 Total marks: 60

Note: Calculators are not allowed. Solutions must include the applied formulas, substitutions,
and intermediate steps. Submitting only the final answer is not acceptable.

There are SIX questions in the paper. Answer ALL questions. Questions carry equal marks.

Throughout the paper, i =+—1, and z is a complex number, except in Question 3(b) and
Question 5(b), where it is real.

Question 1
(a) Find the rectangular coordinates of the point whose spherical coordinates are
T T
[4, iz g] :

(b) Find the area of the surface of revolution obtained by rotating about the x-axis the circle
of radius 1 centred at the point (2, 0).

Question 2

3 4 0
(@) Find the eigenvalues of A = < 2 5 0) .
10 -3 6

(b) Find the Cartesian equation of the spherical equation p = 4cosg.

(c) Find the angle between u=2i—j+k and v=i-2j-Kk.

Question 3

@ Find i 7%+ 2i
a In —_ .
z—1>I1IliZ2 —2z+2

x—y+z=2
(b) Solve the linear system { x +2y — 2z =—1
3x—4y+3z=0



Question 4

(a) Find the Cartesian equation of the tangent line to the following parametric curve at (0, 2):
x=t3—t, y=2t%.

1 \/g 17
(_§+71> .

Write your answer in the Cartesian form a + bi.

(b) Compute

Question 5

(@) For A= (i _01), B=(1 2),and €c=(1 -1), find A%+ BC"I,, where I, is a

2%2 identity matrix.

(b) Show that the plane x —y+z =1 is parallel to the line given by the following
parametric equations:

x=1+4+t
y=2+2t .
z=3+4+t

Find the distance between the line and the plane.

(c) Find 3/=i. Write your answer in the Cartesian form a + bi.

Question 6
(@) Determine if the function u(x,y) = e*siny is a harmonic function.

(b) Find the image of the circle x? + y2 = 4 under the transformation w = f(z) = z71.



List of Potentially Useful Formulas

T T \/§ T

. . T
Sll’l§ = COSE_Y, Slng = COS§ —E

1
sinx cosy = > [sin(x + y) + sin(x — y)]

cos(x + y) = cos(x)cos(y) — sin(x)sin(y)

d n n-1
—x" =nx

dx

d .

—sinx = cosx
dx

d .
— cosx = — sinx
dx

(F(g))" = f'(9))g' ()

{x = f(to) + f' (o)t — o)
y = g(to) + g'(te) (¢ — to)

Y — Yo = m(x — xo)
2 |rdx\*  /dy\°
S—ft J(a) +(g) @
1
t2 dx\*>  rdy\?
A=| 2 — —) dt
ft lx (dt) +<dt)

1

x = psingcosf

y = psingsinf
Z = pcoso
r = psing

p? = x2 + 2 + 72

|A— I =0

a1 dzz Q4ps
31 dzz 04zs
Az dz3
azz dzz
az1 dzz
az1 dszz
az1 Az
az1 daszz

aj; Q412 QAg3
det(4) =

= daiq

— Qg

+ a3

i=—
lul

u - v = |ul|v|cosb

i j k

uxv=I\xy, y1 #;

X2 Y2 23
X1 Y1 21
(uxv) - w=|xX2 Y2 2
X3 Y3 Z3

a(x —x0) + b(y —yo) +c(z—2,) =0
ax +by+cz=d

lax, + by, + cz, — d|
S =

va? + b2 + ¢2

X =Xxg9 + at
{y=y0+bt
z=2Zy+ct

z = r(cosf + isinf)

z" = r"(cos(ne) +1i sin(nH))

0 + 2wk 0+ 2wk
|z| /™ (cos + isin ),
k=01,..,n—1.
x+yi=x—yi

e!® = cosO + isind
, dJu Jdv Jdv Jdu
f(Z)=a+la=@—l$
0% 9%

0x? + dy? 0



