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Note: Calculators are not allowed. Solutions must include the applied formulas, substitutions, 
and intermediate steps. Submitting only the final answer is not acceptable. 

 
There are SIX questions in the paper.  Answer ALL questions.  Questions carry equal marks. 
Throughout the paper,  𝑖 = √−1, and z is a complex number, except in Question 3(b) and 
Question 5(b), where it is real. 

 

 

Question 1 

(a) Find the rectangular coordinates of the point whose spherical coordinates are 

�4,  
𝜋
6

,  
𝜋
3
� . 

(b) Find the area of the surface of revolution obtained by rotating about the x-axis the circle 
of radius 1 centred at the point (2, 0). 

 

Question 2 

(a) Find the eigenvalues of  𝑨 = �
3 4 0
2 5 0

10 −3 6
� . 

(b) Find the Cartesian equation of the spherical equation  𝜌 = 4cos𝜙. 

(c) Find the angle between  u = 2i − j + k  and  v = i − 2j − k. 

 

Question 3 

(a) Find  lim
𝑧→1−𝑖

𝑧2 + 2𝑖
𝑧2 − 2𝑧 + 2

 . 

 

(b) Solve the linear system   �
  𝑥 − 𝑦 + 𝑧 = 2          
𝑥 + 2𝑦 − 2𝑧 = −1
3𝑥 − 4𝑦 + 3𝑧 = 0  

  . 

 



Question 4 

(a) Find the Cartesian equation of the tangent line to the following parametric curve at (0, 2): 
𝑥 = 𝑡3 − 𝑡,  𝑦 = 2𝑡2 . 

(b) Compute 

�−
1
2

+
√3
2
𝑖�

17

. 

Write your answer in the Cartesian form  𝑎 + 𝑏𝑏. 

 

Question 5 

(a) For  𝑨 = �2  0
1 −1�,  𝑩 = (1 2), and  𝑪 = (1 −1), find  𝑨2 + 𝑩𝑪𝑇𝑰𝟐, where  𝑰𝟐 is a 

2×2 identity matrix. 

(b)  Show that the plane  𝑥 − 𝑦 + 𝑧 = 1  is parallel to the line given by the following 
parametric equations: 

�
 𝑥 = 1 + 𝑡    
𝑦 = 2 + 2𝑡
𝑧 = 3 + 𝑡   

 . 

Find the distance between the line and the plane. 

(c) Find  √−𝑖3 . Write your answer in the Cartesian form  𝑎 + 𝑏𝑏. 

 

Question 6 

(a) Determine if the function  𝑢(𝑥, 𝑦) = 𝑒𝑥sin𝑦 is a harmonic function. 

(b) Find the image of the circle  𝑥2 + 𝑦2 = 4 under the transformation  𝑤 = 𝑓(𝑧) = 𝑧−1. 

 



List of Potentially Useful Formulas 

 

sin
𝜋
3

= cos
𝜋
6

=
√3
2

, sin
𝜋
6

= cos
𝜋
3

=
1
2

 

sin𝑥 cos𝑦 =
1
2

[sin(𝑥 + 𝑦) + sin(𝑥 − 𝑦)] 

cos(𝑥 + 𝑦) = cos(𝑥)cos(𝑦)− sin(𝑥)sin(𝑦) 

𝑑
𝑑𝑑

𝑥𝑛 = 𝑛𝑥𝑛−1 

𝑑
𝑑𝑑

sin𝑥 = cos𝑥 

𝑑
𝑑𝑑

cos𝑥 = − sin𝑥 

�𝑓�𝑔(𝑥)�� ′ = 𝑓′�𝑔(𝑥)�𝑔′(𝑥) 

�𝑥 = 𝑓(𝑡0) + 𝑓′(𝑡0)(𝑡 − 𝑡0)
𝑦 = 𝑔(𝑡0) + 𝑔′(𝑡0)(𝑡 − 𝑡0) 

𝑦 − 𝑦0 = 𝑚(𝑥 − 𝑥0) 

𝑠 = � ��
𝑑𝑑
𝑑𝑑
�
2

+ �
𝑑𝑑
𝑑𝑑
�
2

𝑑𝑑
𝑡2

𝑡1
 

𝐴 = � 2𝜋|𝑥|��
𝑑𝑑
𝑑𝑑
�
2

+ �
𝑑𝑑
𝑑𝑑
�
2

𝑑𝑑
𝑡2

𝑡1
 

𝐴 = � 2𝜋|𝑦|��
𝑑𝑑
𝑑𝑑
�
2

+ �
𝑑𝑑
𝑑𝑑
�
2

𝑑𝑑
𝑡2

𝑡1
 

𝑥 = 𝜌sin𝜙cos𝜃      
𝑦 = 𝜌sin𝜙sin𝜃       
𝑧 = 𝜌cos𝜙               
𝑟 = 𝜌sin𝜙               
𝜌2 = 𝑥2 + 𝑦2 + 𝑧2

 

 
|𝑨 − 𝜆𝑰| = 0 

            det(𝑨) = �
𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

�                          

= 𝑎11 �
𝑎22 𝑎23
𝑎32 𝑎33�

− 𝑎12 �
𝑎21 𝑎23
𝑎31 𝑎33�

+ 𝑎13 �
𝑎21 𝑎22
𝑎31 𝑎32� 

𝒖� =
𝒖

|𝒖| 

𝒖 ⋅ 𝒗 = |𝒖||𝒗|cos𝜃 

𝒖 × 𝒗 = �
𝐢 𝐣 𝐤
𝑥1 𝑦1 𝑧1
𝑥2 𝑦2 𝑧2

� 

(𝒖 × 𝒗) ⋅ 𝒘 = �
𝑥1 𝑦1 𝑧1
𝑥2 𝑦2 𝑧2
𝑥3 𝑦3 𝑧3

� 

𝑎(𝑥 − 𝑥0) + 𝑏(𝑦 − 𝑦0) + 𝑐(𝑧 − 𝑧0) = 0 
𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐 = 𝑑 

𝑠 =
|𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0 − 𝑑|

√𝑎2 + 𝑏2 + 𝑐2
 

�
𝑥 = 𝑥0 + 𝑎𝑎
𝑦 = 𝑦0 + 𝑏𝑏
𝑧 = 𝑧0 + 𝑐𝑐

 

𝑧 = 𝑟(cos𝜃 + 𝑖 sin𝜃) 

𝑧𝑛 = 𝑟𝑛�cos(𝑛𝑛) + 𝑖 sin(𝑛𝑛)� 

|𝑧|1 𝑛⁄ �cos
𝜃 + 2𝜋𝜋

𝑛
+ 𝑖sin

𝜃 + 2𝜋𝜋
𝑛

� ,

𝑘 = 0,1, … ,𝑛 − 1. 

𝑥 + 𝑦𝑦 = 𝑥 − 𝑦𝑦 
𝑒𝑖𝑖 = cos𝜃 + 𝑖sin𝜃 

𝑓′(𝑧) =
𝜕𝜕
𝜕𝜕

+ 𝑖
𝜕𝜕
𝜕𝜕

=
𝜕𝜕
𝜕𝜕

− 𝑖
𝜕𝜕
𝜕𝜕

 

𝜕2𝜓
𝜕𝑥2

+
𝜕2𝜓
𝜕𝑦2

= 0 


