NumPDE — BM20A7601 (Autumn 2025) ExaM — 26 MARCH, 2026

e There are 5 problems in this exam. Each problem is worth 20 points.
e You have 3 hours to complete the exam.

e All calculators are allowed.

¢ You must include intermediate steps in your solutions.

Problem 1. Let f: (a,b) — R be a source term. Poisson’s equation on the interval
(a,b) with zero Dirichlet boundary conditions is

—u"=f in (a,b),
u(a) = u(b) = 0.

Derive the weak form of Poisson’s equation.

Problem 2. Consider Poisson’s equation on (0,1) with the source term f(z) = z2.

Let the uniform nodes
z;=1/N for i€e{0,...,N}

define a partition of the interval. Consider the finite element space of continuous
piecewise linear functions with zero boundary conditions. The coefficients B8 of the
finite element solution are solved from the linear system AB = b. Assemble (i.e.,
compute) the matrix A € RIN-DX(N=1) 354 vector b € RV~ for the hat basis
functions.

Problem 3. Let I = (0,r) for r > 0 and v € C§°(I). Prove the Poincaré-Friedrichs
inequality
Ivllz2ry < rllv'llz2(a)-

Problem 4. Which of the three meshes below are triangular and conforming?
Justify your answers.
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Problem 5. Let V be a Hilbert space and a: V x V — R a bilinear form. One of
the assumptions of the Lax—Milgram theorem is that a is elliptic, which is to say
that there is a > 0 such that a(v,v) > a||v||?, for all v € V.

Let @ =(0,1)2 C R? and V = H(Q).
(a) Show that the following bilinear form is elliptic:
3 -1
a(u,v)z/KVu-Vv for K:( )
- -1 3

(b) Show that the following bilinear form is not elliptic:

a(u,v)=/KVu-Vv for K=(01 (1)>
o —

Collection of potentially useful formulae

1
Aij = / P
0

Aij Z/KV%'V%‘
Q

bz’Z/QfSDi
)

a(u,v) = L(v

/ab w’ = u(B)u(s) - u(a)o(a) — /ab .

/V'Gz G-n

Q o9

V- (Fp)=¢V-F+F -Vop

lullz2@) < CllVullzz)  if  u € Hy()

(u,v)r2() < ||lullzz(e)llvllzz (o)

u(z) = u(0) +/ u'(2)dz
0
1/2
ol g ey = ( ) ||aau||22<m)

loe|<m

1/2
[u| gm (@) = ( > ||3au||2L2(Q))

|a|=m

lullzza0) < Cllulla ()
/ f(x) de = /Af(FT(x))|det ATl dz, where FT(x) =Arxz 4+ br
T T

—u = inf |lu—
v —unle vhthH vl E

/(pV-F:—/F-V<p+/ oF -n
Q Q a0
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