
NumPDE — BM20A7601 (Autumn 2025) Exam — 26 March, 2026

• There are 5 problems in this exam. Each problem is worth 20 points.
• You have 3 hours to complete the exam.
• All calculators are allowed.
• You must include intermediate steps in your solutions.

Problem 1. Let f : (a, b) → R be a source term. Poisson’s equation on the interval
(a, b) with zero Dirichlet boundary conditions is

−u′′ = f in (a, b),
u(a) = u(b) = 0.

Derive the weak form of Poisson’s equation.

Problem 2. Consider Poisson’s equation on (0, 1) with the source term f(x) = x2.
Let the uniform nodes

xi = i/N for i ∈ {0, . . . , N}

define a partition of the interval. Consider the finite element space of continuous
piecewise linear functions with zero boundary conditions. The coefficients βββ of the
finite element solution are solved from the linear system AAAβββ = bbb. Assemble (i.e.,
compute) the matrix AAA ∈ R(N−1)×(N−1) and vector bbb ∈ RN−1 for the hat basis
functions.

Problem 3. Let I = (0, r) for r > 0 and v ∈ C∞
0 (I). Prove the Poincaré–Friedrichs

inequality
∥v∥L2(I) ≤ r∥v′∥L2(I).

Problem 4. Which of the three meshes below are triangular and conforming?
Justify your answers.
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Problem 5. Let V be a Hilbert space and a : V × V → R a bilinear form. One of
the assumptions of the Lax–Milgram theorem is that a is elliptic, which is to say
that there is α > 0 such that a(v, v) ≥ α∥v∥2V for all v ∈ V .

Let Ω = (0, 1)2 ⊂ R2 and V = H1
0 (Ω).

(a) Show that the following bilinear form is elliptic:

a(u, v) =
∫
Ω
KKK∇u · ∇v for KKK =

(
3 −1
−1 3

)
.

(b) Show that the following bilinear form is not elliptic:

a(u, v) =
∫
Ω
KKK∇u · ∇v for KKK =

(
0 1
−1 0

)
.

Collection of potentially useful formulae

Aij =
∫ 1

0
ϕ′
iϕ

′
j

Aij =
∫
Ω
KKK∇ϕi · ∇ϕj

bi =
∫
Ω
fϕi

a(u, v) = L(v)∫ b

a

uv′ = u(b)v(b)− u(a)v(a)−
∫ b

a

u′v∫
Ω
∇ ·GGG =

∫
∂Ω

GGG ·nnn

∇ · (FFFϕ) = ϕ∇ ·FFF +FFF · ∇ϕ

∥u∥L2(Ω) ≤ C∥∇u∥L2(Ω) if u ∈ H1
0 (Ω)

⟨u, v⟩L2(Ω) ≤ ∥u∥L2(Ω)∥v∥L2(Ω)

u(x) = u(0) +
∫ x

0
u′(z) dz

∥u∥Hm(Ω) =
( ∑

|α|≤m

∥∂αu∥2L2(Ω)

)1/2

|u|Hm(Ω) =
( ∑

|α|=m

∥∂αu∥2L2(Ω)

)1/2

∥u∥L2(∂Ω) ≤ C∥u∥H1(Ω)∫
T

f(xxx) dxxx =
∫
T̂

f(FT (xxx))|detAAAT | dxxx, where FT (xxx) = AAATxxx+ bbbT

∥u− uh∥E = inf
vh∈Vh

∥u− vh∥E∫
Ω
ϕ∇ ·FFF = −

∫
Ω
FFF · ∇ϕ+

∫
∂Ω

ϕFFF ·nnn
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